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Abstract. We proposed a trajectory optimization method for curvy road environments containing
irregular embedded obstacles. A novel framework is developed to ensure safety and smoothness of
trajectory by combining a Spatial Safety Corridor (SSC) with an Optimal Control Problem (OCP).
The Spatial Safety Corridor (SSC) is first constructed to exclude obstacle regions from the drivable
area, forming a collision-free corridor that guides feasible motion. Within this corridor, an Optimal
Control Problem (OCP) is formulated based on a kinematic bicycle model to generate a trajectory
that satisfies both feasibility and safety constraints. Simulation results illustrate that the proposed
framework effectively handle diverse obstacle configurations, generating trajectories that are
smooth and safe. Furthermore, the proposed framework demonstrates high computational
efficiency, making it suitable for real-time trajectory planning.

Keywords: Trajectory Planning, Optimal Control Problem (OCP), Spatial Safety Corridor (SSC),
Rectangle Expansion Algorithm, Curvy Road Environment.

1. Introduction
With the rapid advancement of artificial intelligence (AI), autonomous navigation technology

has become a highly regarded research area, playing a crucial role in both civilian and military
applications. Autonomous navigation refers to a robotic system’s ability to perceive its
surroundings, make intelligent decisions, and execute precise movements without human
intervention. This technology has been widely applied in indoor environments, such as robotic
vacuum cleaners and restaurant delivery robots, but these applications are typically confined to
structured environments with clearly defined boundaries. Despite significant progress in
autonomous navigation, major challenges remain in unstructured environments, particularly in
outdoor navigation. Unlike controlled environments with well-defined paths and boundaries,
real-world scenarios often involve irregular terrain, ambiguous navigable areas, and embedded
obstacles. These complexities present substantial difficulties for current navigation systems, as they
largely rely on structured road maps and predefined constraints. Trajectory planning for
autonomous vehicles has been extensively studied through various instance, including
sampling-based motion planners, search-based graph methods, and optimization-driven techniques.
However, these approaches often struggle to maintain both smoothness and safety in curved road
environments, especially when irregular obstacles are present.

Wen et al. [1] addressed the problem of Multi-Agent Path Planning for Car-Like Robots
(CL-MAPF). This study proposes a novel CL-MAPF solving method, CL-CBS, which extends the
Conflict-Based Search (CBS) framework to accommodate the kinematic constraints of car-like
robots. It also introduces a new algorithm, Spatiotemporal Hybrid-State A* (SHA), as a
single-agent planner to generate paths that satisfy both kinematic and spatiotemporal constraints
while improving computational efficiency at the cost of slight solution optimality Search-based
method: Ferner et al. [2] addressed the high-dimensional search space problem in multi-robot
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systems (MRS) path planning and proposed an optimized approach combining the M algorithm,
Meta-Agent Constraint-Based Search (MA-CBS), and Operator Decomposition (OD)*. This
method efficiently finds optimal paths in low-dimensional search spaces, improving computational
efficiency and scalability compared to traditional approaches. [6] proposed an implementation of
“sub dimensional expansion” for robot configuration spaces that can be represented as a graph,
called the M* algorithm. It efficiently finds the minimal-cost path for multi-robot path planning. [7]
introduced a new optimal solution method for MAPF—Conflict-Based Search (CBS). This method
outperforms the traditional A* approach in various environments and is suitable for real-world
multi-robot path planning tasks. [8] proposed. Optimization based: Liu et al. [3] addressed the
dynamic lane-changing trajectory planning problem for autonomous vehicles and proposed a
dynamically decoupled lane-changing trajectory planning method (DDLC) based on comprehensive
optimization. This method adjusts trajectories in real-time considering surrounding vehicle states to
handle sudden changes while optimizing computations to reduce complexity and improve real-time
performance. It effectively generates smooth, safe, and efficient lane-changing trajectories. [5]
proposed an automated driving trajectory planning method based on Ordinal Optimization (OO),
which used coarse modeling and fast sorting strategies to select near-optimal trajectories efficiently
from a set of candidates. This approach reduces computational complexity significantly while
ensuring trajectory quality and improving planning efficiency. Deep learning based: Zhao et al. [4]
successfully enhance the adaptability and safety of autonomous driving systems in urban
environments by integrating a Bayesian inference-based motion prediction model with a
reinforcement learning-driven motion planning algorithm. Tree Policy Planning (TPP) is proposed
by [10] to address the lack of interpretability and the inability to generate high-quality trajectories in
policy planning. This method is interpretable, tunable, and scalable to complex scenarios involving
a large number of traffic participants. [11] addresses the problem that traditional prediction and
planning methods can not sufficiently consider uncertainty information and proposes
Uncertainty-Aware Planning (UAP-based Planning). By leveraging uncertainty information to
optimize planning decisions, it enhances safety and adaptability, significantly improving prediction
accuracy. A trajectory prediction method based on Graph Neural Networks and Spatial-Temporal
Convolutional Networks (GSTCN) is proposed by [12]. It used GCN to model vehicle interactions,
combined CNN and GRU for trajectory encoding and decoding, and designed a weighted adjacency
matrix to describe the effect intensity between vehicles. This method is better than existing
approaches in prediction accuracy, model size, and inference speed. Existing trajectory prediction
methods focus only on generating individual agent trajectories, which lead to trajectory collision
problem. [13] mentions a novel interactive traffic simulation model, InterSim, which outperforms
existing methods in terms of simulation realism, interaction consistency, and computational
efficiency. A Path-Based Prediction (PBP) method is proposed by [14] to address the issue of poor
map compliance in goal-based trajectory prediction, leading to trajectories deviating from lanes or
violating traffic rule. This approach provides a stronger inductive bias, ensuring trajectory
predictions better adhere to road structures. Reinforcement Learning based: [8] proposes a
Reinforcement learning-based predictive behavior planning framework that achieves human-like
decision-making by leveraging conditional motion prediction and inverse reinforcement learning to
select the optimal trajectory, enhancing the safety and interpretability of autonomous driving
decision-making. [9] proposes a policy gradient-based imitation learning method for autonomous
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driving in complex urban environments, utilizing a differentiable simulator for closed-loop training
to enhance training efficiency and generalization ability.

Main contribution: existing methods are primarily designed for structured road environments,
making them cannot be directly applied to trajectory planning on curvy roads. To bridge this gap,
we introduce a new trajectory planning framework that integrates a spatial corridor-based obstacle
avoidance strategy and an interior-point optimization approach. Our framework accounts for the
challenges posed by unstructured curvy roads, ensuring feasible and smooth trajectory generation
while significantly improving computational efficiency.

2. Optimal Control Problem Formulation
Achieving smooth and safe trajectory planning in curvy road environments remains a significant

challenge, especially when dynamic constraints and obstacle avoidance must be simultaneously
addressed. To formulate this problem within the optimal control framework, it is crucial to develop
an accurate kinematic model and clearly define the state variables, control inputs, and associated
safety and dynamic constraints. In the following subsections, we detail the complete problem
formulation, beginning with the vehicle kinematics and subsequently introducing the relevant
dynamic and collision avoidance constraints.

2.1 Vehicle Kinematics

Suppose there is a Connected and Autonomous Vehicle (CAV) passing through the curvy road.
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, ∈ [0, ��] (1)

��, �� are the CAV’s position, while θ� is the heading angle of the vehicle. The longitudinal
velocity is � � , and � � is the steering angle of the CAV. The longitudinal acceleration is � � ,

and the steering rate �� � , where ω(t) = �� � . L is the vehicle wheelbase. Finally, �� represents

the final time of the entire planning process.

2.2 Dynamic constrains
|a(t)| ≤ amax, ∀t ∈ [0, tf]
|δ(t)| ≤ �max, ∀t ∈ [0, tf]
|θ(t)| ≤ �max, ∀t ∈ [0, tf]
|�(�)| ≤ �max, ∀t ∈ [0, tf]

2

To ensure the physical feasibility and safety of the planned trajectory, several constraints are
imposed on the CAV’s motion. First, the longitudinal acceleration a t must below the maximum
acceleration amax , preventing sudden acceleration and braking. Second, the steering angle δ t
must remain within ±δmax to avoid sharp turns. Additionally, the heading angle θ t is constrained
by the maximum range θmax to avoid the vehicle changing direction extremely. Finally, the
velocity v(t) is restricted to the range 0,vmax to ensure forward motion within speed limits.



Advances in Engineering Technology Research AIMMEE 2025
ISSN:2790-1688 Volume-15-(2025)

2053

2.3 Collision Avoidance Constraint:

To ensure safety in curvy road environments, a collision avoidance constraint is introduced into
the trajectory planning process. The CAV is modeled as a circle with radius �car, and both the road
boundaries and obstacle shapes are discretized into a finite set of points. N is the total number of
discrete points along the road boundary, while M is the total number of discrete points of
obstacles boundary.

����� = {(��,�, ��,�)|� = 1,2, , �}, �, � ∈ � (3)
���������� = {(�0,�, ��,�)|� = 1,2, , �}, �, � ∈ � (4)

To unify the road boundary and obstacle constraints, we define the environment point set as the
union of both discrete boundaries:

���� = ����� ∪ ���������� = {(��,�, ��,�)|� = 1,2, . . . , �}, �, � ∈ � (5)
where P = N + M is the total number of sampled points.
The CAV’s center position (x(t), y(t)) must maintain a minimum distance from all points in ����,

which leads to the following constraint:

x t − xe,i
2

+ y t − ye,i
2

≥ ����,�, ∀t ∈ [0, tf], ∀i ∈ 1,2, . . . , � (6)

where (x(t), y(t)) denotes the CAV’s position at time t, and ��,�, ��,� represents the coordinate
of the i-th environment point. The index � ∈ {1, 2, …, �} enumerates all sampled points from road
and obstacle boundaries.

2.4 Initial and Terminal Moment Constraints:

We introduced the initial and terminal moment constraints to ensure the vehicle start and end at
pre-defined position. The CAV is required to begin from the initial state

�������� = �0 = �0, �0, �0, �0, �0
� (7)

and reach the final state

������ = �� = ��, ��, ��, ��, ��
�(8)

Here, �0, �0 and ��, �� denote the initial and final positions, respectively;�0, �0, and �0are

the initial heading angle, velocity, and acceleration; �� , �� , and�� define the required terminal
state.

2.5 Optimization Objective and Cost Function

To compute a smooth and safe trajectory, we formulate an optimal control problem that

minimizes a cost function over the planning horizon � ∈ 0, �� . The cost function penalizes

excessive longitudinal acceleration � � and angular velocity ω � to promote trajectory
smoothness and stability. Specifically, the objective is given by:

� =
�=0

��

​ ​
�=1

��
(��1

2 � + ��2
2 ��� ��, � ≥ 0 9

where �1 and �2 are non-negative weighting coefficients. A higher value of �1
emphasizes acceleration smoothness, while �2 penalizes rapid steering changes. In some
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scenarios, an additional term may be introduced to encourage forward progress, with an
overall form:

w=Ww1+w2 10
The optimization is subject to constraints on vehicle kinematics, collision avoidance, road

boundaries, and initial and terminal states, ensuring that the resulting trajectory is feasible,
dynamically consistent, and collision-free.

Table I Summary of Optimization Constraints

Constraint Type Description
Related
Equations

Constraint Type

Vehicle Kinematics
Bounds on acceleration, steering,

heading, and velocity
(2) Vehicle Kinematics

Collision Avoidance
Maintain minimum distance to

environment points
(6) Collision Avoidance

Initial and Terminal
States

Enforce starting and ending
conditions

(7), (8)
Initial and Terminal

States

Remark: This study formulates the trajectory planning problem as an Optimal Control Problem
(OCP), aiming to optimize trajectory smoothness and safety while satisfying vehicle dynamics, road
boundary, and obstacle avoidance constraints. The CAV is modeled as a circle with radius r, and
collision detection is performed by ensuring that the distance between the vehicle center and each
environment point exceeds r. When the number of environment points is large, the repeated
evaluation of distance constraints can still lead to significant computational burdens. Therefore,
directly applying this method to real-time trajectory planning may still lead to significant
computational burdens.

3. Construction of the Safety Corridor

3.1 Motivation

Traditional collision detection methods in autonomous vehicle trajectory planning typically
discretize road boundaries into dense sets of points and perform individual distance checks, which
significantly increases computational cost. This challenge becomes critical in nonlinear optimal
control problems, where CAV dynamics must be evaluated at each planning step. To address these
challenges and improve computational efficiency, we introduced the concept of a Spatial Safety
Corridor (SSC), which replaces traditional pointwise collision constraints with a simplified
structure that constrains the CAV’s trajectory to lie within a precomputed, collision-free region. The
SSC framework reduces the need for repeated geometric intersection checks, enabling more
efficient and scalable planning in real-time applications.

3.2 Initial Trajectory and Road Modeling

As shown by the light blue dashed curve in Fig. 1, an initial feasible trajectory is generated
through cubic B-spline interpolation and uniform resampling. This curve serves both as the initial
solution and the centerline of the road. By offsetting the centerline perpendicularly to both sides
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with a constant road width, the left and right road boundaries are constructed, forming the original
road geometry.

Fig. 1. Road Geometry Representation with Centerline.

3.3 Vehicle Modeling

According to geometric approximation theory, any convex polygon can be represented as the
union of multiple disks. Based on this principle, the vehicle is approximated as a single circle with
radius rcar to simplify collision detection and geometric operations. Building on this circular
abstraction, we model the CAV’s motion dynamics using the Kinematic Bicycle Model, which
captures the vehicle’s nonlinear kinematic evolution while maintaining computational efficiency.
Fig. 3 illustrates the Kinematic Bicycle Model. The CAV is approximated as a rigid body with front
and rear wheels aligned along a longitudinal axis. The state of the CAV is defined by its
position x,y , heading angle θ, and longitudinal velocity v. The steering angle δ controls the front
wheel orientation relative to the vehicle axis, generating a lateral velocity component that induces a
yaw rate ω. L is the wheelbase length, and ICR (Instantaneous Center of Rotation) represents the
center of the circular path at each instant.
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Fig. 2. Bicycle Kinematic Model.

3.4 Safe Region Construction

Based on the circular vehicle approximation, collision avoidance is formulated by ensuring that
the distance between the vehicle center and any obstacle or boundary point remains greater than rcar.
Consequently, the road boundaries are inwardly offset by rcar, forming an inflated map that defines
the feasible region for the vehicle center, as illustrated by the shaded area in Fig. 3. This inflated
road geometry guarantees that if the CAV’s center stays within the feasible region, the entire
vehicle body remains collision-free.
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Fig. 3. Road Geometry Representation with Centerline, Safe Region, and Original Road.

3.5 Spatial Safety Corridor Construction

After constructing the safe region, we build a Spatial Safety Corridor (SSC) based on the
reference trajectory, i.e., the centerline. The centerline is uniformly resampled to generate a
sequence of discrete waypoints, each corresponding to a specific planning time step. At each
waypoint, we expand in four directions—left, right, forward, and backward—to determine the
largest inscribed rectangle that remains entirely within the safe region. By connecting these
rectangles along the path, a continuous strip-like corridor is formed, as shown in Fig. 4.

Fig. 4. Illustration of the Spatial Safety Corridor.
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3.5.1 Safe Rectangle Generation Process
The detailed workflow for generating safe rectangles is shown in Fig. 5. Starting from each

waypoint, a candidate rectangle is initialized and iteratively expanded along the normal and
tangential directions of the path. Expansion continues until any edge reaches the boundary of the
safe region. The final rectangles are guaranteed to be collision-free by construction, ensuring full
containment within the precomputed inflated map.

Fig. 5. Flowchart of Safe Rectangle Region Generation

3.5.2 Rectangle Expansion Algorithm
To efficiently compute the maximum inscribed rectangle at each waypoint, we employ a

lightweight expansion strategy, outlined as follows:
Algorithm 1: Rectangle Expansion in a Polygon

Input: Initial rectangle R₀, polygon region P, step
size Δt
Output: Expanded maximal rectangle R
1 R ← R₀
2 for direction in {left, right, up, down} do
3 while True do
4 R'← attempt_expand(R, direction, Δt)
5 if R' ⊆ P then
6 R ← R'
7 else
8 break
9 return R

Here, rect denotes the current candidate rectangle and polygon represents the safe region. In each
direction, the rectangle is expanded incrementally. If the expanded rectangle remains fully within
the safe region (as verified by is_inside_polygon()), the expansion is accepted; otherwise, expansion
in that direction is stopped. This process continues until no further enlargement is possible.
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3.5.3 Transformation of Collision Avoidance Constraints via SSC
Traditional collision avoidance constraints require maintaining a minimum distance between the

CAV and all obstacle or boundary points at every planning step. Although accurate, this approach
introduces a large number of nonlinear distance constraints, leading to substantial computational
overhead, especially in environments with dense obstacles. In contrast, by constructing a Spatial
Safety Corridor (SSC), collision avoidance is fundamentally simplified. Instead of enforcing
multiple distance constraints, it suffices to ensure that the vehicle center xk,yk remains within a
precomputed safe rectangle at each time step:

�� ∈ ��
left, ��

right ,  �� ∈ ��
down, ��

up , (11)

This replacement transforms a high-dimensional, nonlinear collision checking problem into a
sequence of simple box constraints, greatly reducing computational complexity and enabling more
efficient real-time trajectory optimization.

3.6 Integration into the Optimal Control Framework

To incorporate the continuous-time objective defined in (9) into a numerically solvable optimal
control framework, we apply a global discretization over a finite planning horizon. The continuous
integral is thus approximated by a finite sum of the control effort at each step:

� ≈ ���
�=0

�−1

Δ�� �1 ��
2 + �2 ω�

2 , 12

where Δt=tf/� is the uniform time step.
For simplicity, Δt can be absorbed into the weighting coefficients without loss of generality,

resulting in the final discrete objective:

� = ���
�=0

�−1

�1��
2 + �2ω�

2� , (13)

Subject to:
|�(�)| ≤ ����, ∀� ∈ [0, ��]
|�(�)| ≤ ����, ∀� ∈ [0, ��]
|�(�)| ≤ ����, ∀� ∈ [0, ��]
|�(�)| ≤ ����, ∀� ∈ [0, ��]

2

�������� = �0 = �0, �0, �0, �0, �0
� 7

������ = �� = ��, ��, ��, ��, ��
� 8

�� ∈ ��
left, ��

right ,  �� ∈ ��
down, ��

up 9
where ak and ωk are the acceleration and yaw rate at step k, and w1,w2 are their corresponding

weighting coefficients. This cost function formulation promotes both smoothness and energy
efficiency throughout the trajectory. Remark: The introduction of time-indexed rectangular
constraints derived from the SSC provides a computationally efficient alternative to conventional
nonlinear collision avoidance formulations. By precomputing feasible spatial corridors offline, the
optimization problem eliminates geometric computations and significantly reduces problem
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non-convexity. The SSC approach is particularly beneficial for planning in environments with
curvy roads and embedded static obstacles, where the obstacle shapes are irregular but fixed.

4. Simulation and Results

4.1 Experimental Setup

To evaluate the proposed trajectory planning method, we first construct a simulation
environment. The road centerline is generated based on a perturbed sinusoidal curve (14),
resampled using cubic B-spline interpolation. Specifically, we sample 20 control points along the
X-axis from 0 to 200 meters, and define the Y-axis with a sinusoidal shape perturbed by uniform
noise:

[xi=linspace 0,200,20 , yi= sin xi/10 ×20+ϵi, ϵi∼ U −5,5 ], (14)
where �� represents uniformly distributed random noise to simulate realistic lateral

perturbations.
A fixed road width of �road = 15 m is adopted, and the safe region is defined by offsetting the

road boundaries inward by the vehicle’s safety margin. The vehicle is modeled using a kinematic
bicycle model with a wheelbase � = 2.5 m , five state variables, and two control inputs. The
trajectory planning horizon N is dynamically determined based on the total path length and the
reference speed (15), resulting in a total of N = 405 steps and a total simulation time of
approximately � = 40.5 s .

� = �path
�⋅Δ�

（15）

The complete configuration of the modeling environment, solver settings, computational
platform and other settings are summarized in Table I.

Table II Baseline Simulation Environment Settings

Parameter(s) Description Setting(s)
Lroad Centerline X-axis range 200 m

Number of control points
Number of sampled control

points
20

Centerline Y−axis generation
Centerline generation

formula
Equation (14)

Interpolation method
Centerline interpolation

method
Cubic B−spline, max inter−point distance 0.85 m

Wroad Road width 15 m

rvehicle
Vehicle safety margin

(radius)
3 m

Δt Discrete time step 0.1 s

Trajectory planning horizon N Number of planning steps
Lpath
v⋅ Δt

=405 steps

Initial state X0 Initial vehicle state −0.56,0.29,1.90,10.0,0.0 T

Terminal state Xf Terminal vehicle state 199.24,15.63,0.64,10.0,0.0 T

L Wheelbase of the vehicle 2.5 m
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vmax,amax
Maximum velocity and

acceleration
10 m/s,±3 m/s2

ϕmax,ωmax
Maximum steering angle

and steering rate
±0.6 rad,±0.3 rad/s

θ constraint Heading angle constraint −π,π
v(t) constraint Velocity constraint 0,15  m/s
a t constraint Acceleration constraint 0,3  m/s2

t Total time 40.5 s
Solver Optimization solver IPOPT 3.14 via CasADi 3.7.0

Computational environment Hardware setup
Google Colab, 2-core CPU, 12GB

RAM

Python version
Programming language

version
Python 3.9

4.2 Trajectory Planning in Obstacle-Free Environment

To obtain the optimal trajectory, we solve the discrete-time optimal control problem (13), subject
to vehicle dynamics, physical limits, and spatial constraints specified in (2), (7), (8), (11) and
summarized in Table I. The trajectory is discretized over N=405 steps with a fixed time step of
Δt=0.1 s , guiding the CAV from the initial state X0 to the terminal state Xf along the resampled
centerline. In the baseline scenario without obstacles, the proposed trajectory planning framework
successfully generates a smooth, dynamically feasible, and spatially constrained optimal trajectory.
As shown in Fig. 6, the optimized trajectory (red curve) remains fully contained within the Spatial
Safety Corridor (SSC) (gray shaded region), successfully enforcing both dynamic feasibility and
spatial safety constraints.

The optimization was performed using IPOPT via CasADi, achieving convergence within 49
iterations and completing in 4.53 seconds. Simulation results indicate that the SSC-based spatial
constraints effectively limit the CAV’s feasible region while preserving continuity and smoothness
of the trajectory. Even in areas with high curvature, the optimized trajectory maintains smooth
transitions without abrupt changes. This lays a solid foundation for extending the method to more
complex scenarios involving obstacle avoidance.
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Fig. 6. Safe Corridor with Optimal Trajectory (Rectangles Sampled)

4.3 Trajectory Optimization with Embedded Obstacles and SSC

Building upon the scenario without obstacles in Section 4.2, this section investigates the
generalizability of the proposed method in more complex environments. Specifically, five irregular
polygonal obstacles are embedded along the road, creating challenging collision avoidance
scenarios. As shown in Fig. 7, the optimized trajectory (red curve) remains fully contained within
the SSC region while successfully avoiding all embedded obstacles. The blue dashed curves
represent the original road boundaries, and the yellow polygons illustrate the obstacle locations. The
optimal trajectory is solved using the same five-dimensional kinematic bicycle model and the
CasADi + IPOPT framework introduced in Section 4.1. Optimization convergence is achieved
within 54 iterations, requiring approximately 6.08 seconds.

These results demonstrate that the SSC-OCP can generate smooth, safe, and dynamically
feasible trajectories even in the presence of irregular, non-convex obstacles.
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Fig. 7. Optimal Trajectory within Safety Corridor under Static Obstacles

4.4 Computational Environment & Performance

All trajectory optimization experiments were conducted on Google Colab, a cloud-based Jupyter
notebook environment running Python 3.9. The modeling was implemented using CasADi 3.7.0,
and the nonlinear programming problem was solved via IPOPT 3.14. The backend system typically
provides 2-core CPUs and 12GB of RAM on a virtualized Linux container. In the obstacle-free
scenario, the solver converged in 49 iterations, with a total wall-clock time of approximately 0.88
seconds.

Conclusion
In this study, we addressed the trajectory planning problem in complex road environments by

proposing a novel approach that integrates a Spatial Safety Corridor (SSC) with an Optimal Control
Problem (OCP). This method specifically tackles dynamic planning needs when irregular obstacles
are present within the roadway. By preprocessing the obstacle and drivable area boundaries to
create a continuous and safe driving corridor (SSC), we simplified the spatial constraints in
trajectory optimization, enhancing computational efficiency. Simulation results indicate that the
proposed method reliably generates smooth and safe trajectories that satisfy real-time dynamics
constraints. Compared to traditional pointwise distance-based approaches, our method demonstrates
notable improvements in modeling complexity and optimization efficiency, indicating strong
generalization capabilities suitable for practical applications in autonomous driving and robotic
navigation systems.
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