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Abstract. This paper first introduces the background of the research: with the rapid development of 
technology, autonomous vehicles have gained increasing popularity and significantly improved 
human living standards. As a result, it has become a growing area of research interest for scientists 
in the technology field. The unmanned system is the core component of driverless vehicles, and the 
planning system is a crucial link that connects the previous and subsequent stages of these systems. 
However, planning a safe and efficient optimal trajectory is challenging due to considerable 
calculation and practical constraints. Traditional trajectory planning methods have limitations; 
therefore, a more effective solution is needed. Therefore, it has superiorities beyond other methods 
and thus has promising application prospects. 

Keywords: Computational optimal control; Trajectory planning; Artificial Intelligence; Unmanned 
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1. Introduction 

With the development of artificial intelligence technology, autonomous driving is gaining 
increasing recognition among the general public. It can reduce casualties in extreme situations 
because using uncrewed vehicles instead of humans during dangerous tasks can minimize personnel 
losses in accidents [6,7]. Unmanned systems are divided into three major modules: perception, 
planning, and control[8-10]. The planning module serves as an intermediate step, with the output of 
the perception system as input for planning and the planning system as input for the control system, 
making it an essential part of unmanned driving. 

There are two categories of planning systems: path tracking and trajectory tracking. Path tracking 
establishes a coordinate system on the road surface, while trajectory planning adds variable speed to 
the research. Since speed directly affects passengers' riding experience and energy consumption, and 
smooth driving can improve ride comfort and reduce fuel consumption, this paper focuses on the 
problems of trajectory planning [11, 12]. 

There are several methods for trajectory planning, primarily categorized into four types: sample-
based, graph-based, deep reinforcement learning, and computational optimal control. However, most 
current trajectory planning techniques cannot meet the requirements of high real-time performance 
and users' pursuit of optimal trajectories simultaneously, which means that fast and comfortable 
driving route planning needs to be improved [13]. 

In contrast, although the computational optimal control technique has limitations in other aspects, 
it has high real-time performance and can plan the optimal trajectory. Therefore, this article believes 
that this technique is the best choice for solving trajectory planning problems and will primarily focus 
on researching trajectory planning problems in light of the rapid technological development. First, 
the main composition of modules in unmanned systems and the function of trajectory planning will 
be introduced. Next, this paper will explain the advantages and disadvantages of different methods, 
introduce some classic cases based on these methods, and analyze the reasons for choosing this 
optimal control, considering its emphasis on efficiency and speed, which makes it the preferred 
method in many scientists' minds. Subsequently, this paper provides a detailed introduction to the 
process based on computational optimal control, outlining its principles, applications, cutting-edge 
research, and future development directions. 
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2. Introduction to the Unmanned Driving Trajectory Planning Module 

2.1 Function of Trajectory Planning Module 

Unmanned systems are divided into three main modules: perception, planning, and control. The 
perception system is used to perceive the surrounding environment, the planning system is used to 
plan and change paths in real-time based on the surrounding environment, and the control system is 
used to manipulate vehicle motion according to the planned path[8-10]. Among them, the planning 
system conducts a series of algorithm research based on the input from the perception system about 
drivable and non-drivable areas, then outputs drivable paths. As a result, it plays a bridging role in 
autonomous driving, thereby becoming the primary research focus of this article. 

2.2 Classification of Trajectory Planning Methods 

There are four primary methods for trajectory planning in autonomous driving. This chapter 
introduces the operating principles of each technique, analyzes their advantages and disadvantages, 
and presents some classic cases that illustrate the application of these methods. 

2.2.1 Sample-based method 

The technical idea behind this method is based on a qualitative analysis of trial and error to 
determine whether each step is optimal, rather than relying on algorithms with rigorous mathematical 
language. Specifically, this method takes the input map as a sample and divides it into numerous 
equally sized grids, placing the starting and ending points in one grid, respectively [15,16]. In this 
case, there are eight directions of travel centered around the starting point, which correspond to the 
eight grids [17]. Similarly, for each subsequent step, eight possible paths can be designed.  

The disadvantages of this method are: firstly, it requires a large amount of computation, and the 
accuracy of the trajectory depends to a large extent on the thickness of the grid division. If the grid 
division is too coarse, the planned trajectory may appear as a broken line, which does not conform to 
the actual route of car travel in real life. However, if the grid is divided too finely, the computational 
workload increases exponentially [9]. Secondly, this method relies on the quality of the sampling. If 
the sampling fails, it may not be possible to obtain data that reaches the endpoint and may be hindered 
by obstacles[10]. Thirdly, due to the enormous computational complexity of this method, trajectory 
planning is likely to take a long time and does not meet the requirements of real-time performance[11]. 

RRT (Rapidly-Exploring Random Tree) is a classic example of a sample-based method. The RRT 
algorithm, also known as the Rapidly Exploring Random Tree algorithm, was first proposed by La 
Valle in 1998 as an efficient path-planning algorithm. The RRT algorithm starts with an initial root 
node and searches the space through random sampling. Then, it adds one leaf node after another to 
continuously expand the random tree[12]. This algorithm randomly selects points from the input map 
samples, connects these points one by one to form a tree shape, and thus is named a rapidly exploring 
random tree.  

When the target point enters the random tree, the expansion of the random tree stops immediately. 
A path from the starting point to the target point can be found at this point. 

2.2.2 Graph-based methods 

This method shares operating principles with the sample-based method and complements it. We 
divide the road surface into numerous grids and establish a search method using the search algorithms 
DFS (depth-first search) or BFS (breadth-first search) to determine the optimal solution for each step, 
thereby obtaining the optimal path [15, 16]. 

However, algorithms based on graph theory are greedy algorithms that can only obtain the optimal 
solution for each step based on the current selection and cannot access global search data, thus being 
unable to find the overall optimal path [18]. This method's other advantages and disadvantages are 
the same as those of the sample-based method and will not be elaborated on here. 

Dijkstra is a classic example of the graph-based method, forming the foundation of many other 
planning approaches. The core idea of the Dijkstra algorithm is to start from the starting point, adopt 
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a greedy strategy, and traverse the adjacent node of the vertex that is the closest to the starting point 
and has not been visited [18]. The algorithm continues until it reaches the destination. The algorithm 
uses an array to store the shortest distances from the origin to each vertex. Initially, the path weight 
of the starting point is set to 0, and the weights of other vertices are set to infinity. Then, the algorithm 
continuously selects the unvisited vertex closest to the starting point and updates the distances of its 
adjacent vertices. This process continues until all vertices have been visited[31]. 

The algorithm steps are as follows: First, initialize the starting point, set the distance of the starting 
point to 0, and set the distance of all other vertices to infinity [20]. Then, select the unvisited vertex 
that is closest to the starting point and mark it as visited. Next, update the distances of the adjacent 
vertices of this vertex. If the distance through this vertex to the adjoining vertex is shorter, update the 
distance value. Repeat the above two steps continuously until all vertices have been visited[19]. 

A* is another graph-based classic algorithm. It virtualizes the map, dividing it into several small 
squares and marking them with different colors. Thus, the map can be represented by a two-
dimensional array. For example, yellow squares represent the starting point, green represents the 
destination, black represents obstacles, and red represents search squares. An open-close list is 
established during the search, and the small squares are placed in the open or closed list according to 
their colors. The open list records all the cells considered for finding the shortest path, while the 
closed list records the cells that will not be considered again. By continuously searching for 
surrounding points, a new point is selected as the starting point to continue the search until the 
destination is reached[25]. 

The A* algorithm searches a two-dimensional grid. Essentially, it simplifies the vehicle to a 
particle, performs state sampling, and fixes the movement direction to eight directions (or four 
directions), while also determining the movement distance. However, the trajectory calculated by the 
A* algorithm may be infeasible because it does not consider the kinematics of the vehicle body in 
actual situations, such as the existence of right-angle bends in the trajectory. Therefore, scientists 
have made improvements on this basis and invented the hybrid A* algorithm, which introduces the 
heading angle, conducts control sampling, and transforms the search into a three-dimensional space 
search. It conforms to the vehicle kinematics model[26]. 

2.2.3 Methods based on deep reinforcement learning 

This method combines two learning methods of artificial intelligence, deep learning and 
reinforcement learning, enabling computers to train functions through reinforcement learning and 
replace complex functions with those learned through deep learning. The essence of this method is to 
establish a reward mechanism that enables machines to learn step by step and ultimately obtain the 
optimal trajectory [2,27]. 

In the established simulation environment, the machine can continuously trial and error to find the 
optimal function solution and achieve the goal. However, reward functions are exceptionally complex 
and often difficult to express directly; therefore, deep learning is needed to replace these complex 
functions [27, 29]. It is used to fit functional relationships by providing data for computers to calculate 
functional relationships. In trajectory planning, deep learning is used to fit a reward function, which 
is an action function that determines the output driving action based on variables such as x, y, and 
v[2]. 

The advantage of this method is that it has a strong generalization ability and can perform 
reinforcement learning computations by fitting different reward functions in any environment [28]. 

The disadvantages of this method are that, firstly, the reward function is challenging to set, and it 
is still difficult to determine the exact functional relationship based on the provided data. Secondly, 
during the training process, deep learning requires high computational power from the machine, 
which necessitates a large amount of data to support the achievement of the goal [29]. Thirdly, the 
training process takes a considerable amount of time to generate the optimal trajectory for different 
road conditions. Fourthly, it isn't easy to judge the quality of training results, as machines may not be 
able to learn the optimal trajectory [30, 31]. 
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These crucial problems are particularly evident in recent advances that combine MCTS with deep 
neural networks for function approximation.[43]. MCTS optimizes the search tree by iteratively 
selecting, expanding, simulating, and updating nodes, and then selects the optimal action policy [44]. 

2.2.4 Computational optimal control 

For the optimal control problem of trajectory planning, we need to establish x and y axes on the 
road surface, and add the variable of velocity v to find the functions of x, y, and v with respect to time 
t. For the optimal trajectory, the essence of optimization also transforms from optimizing the function 
to optimizing a set of points. For example, for the function of x with respect to t, the values of x1 to 
x100 on this function can be found, and these values must meet specific requirements in practical 
situations, such as speed limits, vehicle dynamics, reaching the target point, and collision avoidance. 

The advantage of this method is that it can find a function solution that approximates the optimal 
solution, which is better than the optimal paths found by the above three methods. The disadvantages 
of this method are: firstly, it takes a long time to collect a large number of numerical values and solve 
the function[34,35]; Secondly, even if enough values are collected, it may not be possible to obtain 
the function of the optimal trajectory, as the differences between discrete points and continuous 
functions still exist. 

In conclusion, the method of computational optimal control is the most effective approach for 
achieving optimal trajectory planning. Theoretically, this method can ensure the computation of the 
optimal solution. However, the superiority of the algorithm needs to be considered in practice, which 
is also one of the future Development directions in this field. 

This chapter primarily introduces the roles of planning modules and the implementations of 
trajectory planning in autonomous driving, and then analyzes the advantages and limitations of each 
method. Each one has its own benefits, but the process of Computational optimal control can balance 
the quality and time of planning, which is considered the best method introduced in this article. 
Therefore, this article will mainly focus on a further detailed analysis and review of this method. 

Table 1 Comparative Analysis of Unmanned Driving Trajectory Planning Methods 

 Principles Advantages Disadvantages 
Classic 
cases 

Sample-based 

Divide the sample 
map into 

numerous grids, 
design eight 

directions of path 
from the starting 
points, and repeat 

the step until 
reaching the end 

point. Use a 
standard function 

to qualify the 
quality of paths. 

Untrained problem, the 
function can reach 

maximum/minimum 
values without 

encountering any 
unsolvable issues. 

Requires a 
significant amount of 

computation; 
determining the 

thickness of the grids 
is a challenging task. 

The quality of the 
planned trajectory 

depends on the 
quality of the 

sample, and the 
calculation time is 

considerable. 

RRT 
(Rapidly-
exploring 
Random 

Tree) 

Graph-based 

Divide the map 
sample into 

numerous grids 
and use search 

algorithms such 
as DFS or BFS to 

plan the 
trajectory. 

As with the advantages 
of the sample-based 

method. 

The greedy 
algorithm can only 
obtain the optimal 
path for each step, 
but not the global 

data. Other 
disadvantages are the 
same as those of the 

A* 
algorithm 
Dijkstra 
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sample-based 
method. 

Deep 
reinforcement 

learning 

Let the machine 
learn a reward 

function through 
deep learning, 

establish a reward 
mechanism that 

enables machines 
to learn step by 

step, and 
ultimately obtain 

the optimal 
trajectory. 

Strong generalization 
ability 

Difficult to set a 
reward function; 
requires strong 

computational power 
and a large amount 

of data, and it is 
difficult to judge the 
quality of learning. 

MCTS-RL 

Optimal 
control 

By using the 
discrete method, 

transform the 
problem from 
finding a set of 

optimal functions 
between variables 

into finding 
numerous points 
in the functions. 

Optimize the 
points to ensure 
they also satisfy 

specific 
constraints. 

It takes a long time to 
collect data and 

establish a function, 
and it may not achieve 
an optimal function. 

Trajectory optimality 
and generalization. 

Model 
Predictive 
Control 
(MPC) 

3. Ideas and Methods for Computational Optimal Control 

3.1 Concept of Computational Optimal Control 

3.1.1 Technical Modeling 

It is necessary to determine the relationship between acceleration and time and establish functions 
for translational acceleration (a), rotational acceleration (w), and time (t) separately [17]. A (t) 
represents the movement of the accelerator, while w (t) represents the movement of the steering wheel. 
Among them, the value of time t has an interval, such as 0<t<5[17]. 

To plan the optimal trajectory, we need to find a set of optimal functions for a and w with respect 
to t, where a and w have boundary constraints, such as maximum and minimum values. In addition, 
the setting of the function should also be combined with the actual kinematics of the vehicle body, 
such as the vehicle's inability to turn through right angles [36-40]. For goal setting, it is necessary to 
establish functions for process/state variables that satisfy the function constraints of a and w. 

The essence of the optimal function is to aim at variables in the process and reach the goal of 
obtaining minimum values of the square of acceleration plus the square of time and the square of 
angular acceleration plus the square of time[41]. The minimum goal of square of time is also the 
second constraint set by the function. 

3.1.2 Advantages 

Compared to other trajectory planning methods, Computational optimal control can establish the 
best standards and limit the trajectory through boundary constraints of maximum and minimum 
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values, thereby meeting the requirements. This method aligns with the principles of process control 
and is therefore applied in the field of autonomous driving. 

3.2 The development of Computational optimal control 

The exploration stage occurred from the 1980s to the 1990s. People have developed mathematical 
models based on the dynamics and kinematics of vehicles, enabling a more accurate description of 
vehicle trajectories in real-world scenarios. Some early classic optimal control algorithms, such as 
Linear Quadratic Regulator (LQR), began to be applied to solve the trajectory planning problem in 
some simple situations, achieving straight-line path and speed control.[40] 

After that, the method experienced a high-speed development stage. From the early 21st century 
to the present, with the rapid improvement of computer science technology, algorithms such as Model 
Predictive Control (MPC) have been able to achieve trajectory planning goals in more complex 
scenarios [41]. The technology of computing optimal control applies to the control quantity that meets 
the requirements of the optimal process. 

3.3 Numerical Solution Method 

Scientists explore the essence of functions and transform the problem of solving continuous 
functions into the issue of finding discrete points [46-48]. They use the discrete method to analyze 
the relationship between control quantities, such as translational acceleration, rotational acceleration, 
position, and time, of the vehicle on the road surface. 

Among them, the discrete method is currently divided into two types: partial discretization and 
complete discretization. The partial discretization method only discretizes a portion of the variable, 
such as translational acceleration, while allowing other variables, like speed, to satisfy certain 
constraints [48]. The complete discretization method discretizes all variables that have many 
interrelated components, and is suitable for large-scale problems [49]. 

In conclusion, Chapter Three introduces the concept of Computational optimal control, its 
development, and its applications in various fields. Additionally, a more specific introduction to 
numerical solutions is provided in this chapter, where discrete solutions are discussed. 

4. Research on Trajectory Planning Based on Computational Optimal Control 

4.1 Trajectory Planning Principle Based on Optimal Control 

To achieve the goal of solving the problem through technology, the optimal control function needs 
to be established first, such as the function relating acceleration, steering angle, and time. Secondly, 
the index needs to be established to clarify the standard of the optimal trajectory, for example, 
minimizing the acceleration and angular velocity as much as possible, which can be expressed as 
square of a(t) plus square of w(t) approaching zero on the function, while satisfying certain constraints 
about the vehicles themselves and in different situations[41]. 

Overall, we need to establish a set of indicators that can evaluate the quality of trajectory planning 
for autonomous driving. These indicators should be related to the control quantity and satisfy certain 
kinematic and motion condition constraints, such as the turning angles and maximum acceleration[36-
40]. 

4.2 Advantages of Solving Trajectory Planning Problems Based on Optimal Control 

For methods, sample-based and graph-based theories, firstly, these two methods can only find 
local optimal trajectories, but are difficult to find global optimal trajectories. Secondly, if sampling 
fails, it may not be possible to find a drivable trajectory. Thirdly, these two methods are qualitative 
analyses based on trial and error, but do not have function indicators to ensure that the planned path 
is the optimal path. For methods based on deep reinforcement learning, generalization is difficult to 
guarantee, and it may not apply to complex road conditions because the reward function is challenging 
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to establish. Moreover, it requires a large amount of data and high computational power, making the 
computation difficult. 

In contrast, the optimal control technique, by establishing indicators and utilizing mathematical 
methods to solve, can ensure the optimality and generalizability of trajectories and is sure to be able 
to solve [17, 50, 51]. 

4.3 Latest Research Progress 

For this technology, the unresolved issues at present are as follows: Firstly, the computation time 
of this method is still too long, and the problem-solving process is relatively slow. For instance, in an 
uncrewed vehicle traveling at a speed of 50m/s, it takes 0.5s to plan an optimal trajectory. During the 
computation period, the car has already traveled 25 meters, and there may be potential safety hazards 
in the absence of proper planning. Therefore, the long computation time is a current weakness of this 
technology, which also makes it one of the areas for future research improvement [52]. 

Secondly, the optimal control function may not be fully solved. When the function needs to set 
constraints for surrounding other vehicles and complex working conditions, conflicts may arise 
among the constraints. Therefore, the more constraints there are, the greater the possibility that the 
function has no solution, and the more strategies are needed to solve it [53,54]. 

Thirdly, in terms of computation, some problems under specific working conditions cannot be 
expressed by the optimal control function. Additionally, the solvers in the computer cannot solve 
conditional constraints, which are instructions on how to execute under specific circumstances [55]. 

In response to the existing problems, the proposed solutions at present are as follows: Firstly, for 
the problem of long computation time, the time should be reduced to enable the computer to generate 
the planning trajectory more quickly[52]. Secondly, to address the restrictions among constraints, the 
problem should be simplified [54,56]. Two approaches can be employed: either establishing a simpler 
problem or transforming a complex one into a simpler one. Thirdly, for computing problems, the 
selective constraints need to be converted into general constraints, or the solver needs to be modified 
to enable it to solve conditional limitations [55]. 

5. Conclusion 

This paper first introduces the operating principles of four trajectory planning methods for 
unmanned systems, analyzes their respective advantages and disadvantages, and summarizes the 
superiority of optimal control computational methods. Secondly, this thesis introduces optimal 
control computation as a mathematical concept, its development history, and applications in 
aerospace, chemical control, and artificial intelligence, among others. It elaborates on the core method, 
the discrete method, its classification, and the underlying principle. Finally, the paper explains how 
to use optimal control computation to solve trajectory planning problems in unmanned systems. By 
establishing the optimal control function, two significant issues—establishing the indicators and 
satisfying the constraints — can be addressed, and a collision-free, safe, and efficient driving 
trajectory can be generated in real-time. By reviewing traditional trajectory planning methods, this 
paper analyzes the unique superiority of optimal control technology in solving the trajectory planning 
problem, specifically in terms of trajectory optimality and generalization. Therefore, computational 
optimal control has a promising application prospect and practical implementation in the field of 
trajectory planning, and can address the limitations of other algorithms. 

As a research hotspot in planning methods, overcoming the shortcomings of this method is the 
future direction of effort for physicists. Firstly, due to the large amount of computation and the 
required computing time, this method must be further optimized to reduce computational time. 
Secondly, the constraints of the optimal control function are numerous. When the environment or the 
target becomes more complex, a situation may arise in which the constraints mutually restrict each 
other, resulting in no feasible solution. Therefore, the problem needs to be simplified or transformed. 
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Ultimately, for solving conditional constraints, it is necessary to either convert the constraints or 
design and develop solvers to address them. 

Unmanned driving is a witness to the development of science and technology and a crystallization 
of human wisdom. Among them, the current research hotspot is computational optimal control to 
solve the trajectory planning problem of unmanned driving. Although the current technical conditions 
are limited and cannot universally achieve the goal of an optimal trajectory, with the joint efforts of 
scientists, uncrewed driving cars can carry people's dreams of science and technology, driving 
towards a brighter future. 
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