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Abstract. This paper provides a systematic review of how mathematical and statistical methods
have played a theoretical guiding role in the fields of machine learning and image processing in
recent years. The foundations of modelling and data processing methods are elaborated in detail
around various core mathematical frameworks. Innovative architectures of hybrid models are also
considered through constructive case studies, revealing the cross-disciplinary collaboration between
mathematics and statistics. The outlook for future directions, such as novel hybrid model design,
enhanced interpretability, and computational efficiency tuning, will further assist researchers in their
work.
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1. Introduction

Machine learning and image processing are core technologies in the fields of modern computer
science and artificial intelligence, undergoing unprecedented development and innovation.
Mathematical and statistical methods have played an indispensable role in the development of these
new technologies. From foundational linear algebra and probability statistics to optimization theory
and data analysis, a solid mathematical foundation is the starting point for all applications. In big data,
pulling out meaningful features, creating models, and making predictions or decisions all need some
solid theory behind them.

This paper aims to summarize mathematical and statistical data processing methods and explore
how they drive the development of machine learning and image processing technologies. The
discussion is not limited to specific application cases. Through method construction and theoretical
analysis, we demonstrate the core role and innovative applications of mathematical and statistical
models in these fields.

Machine learning (ML) algorithms are based on fundamental mathematical concepts. Linear
algebra forms the foundation of data representation and computation: data points and model
parameters are typically vectors or matrices, and key operations (such as linear transformations and
matrix multiplication) are performed on these structures. In practical applications, training large
neural networks involves massive matrix operations, which can achieve orders of magnitude speed
improvements on modern hardware. A recent study pointed out that speed up in machine learning
pipelines mostly comes from using big parallel computing and hardware built specifically for math
operations like linear algebra [1]. For example, converting relational data queries into matrix
multiplication enables a unified GPU acceleration strategy, achieving speed improvements of up to
hundreds of times. Similarly, optimization theory (derived from convex analysis) determines how
models learn from data. Training neural networks is a high-dimensional problem, and gradient-based
methods are indispensable tools. Specifically, gradient descent (GD) and adaptive moment estimation
(Adam) are the most used optimizers in deep networks, enabling models with millions of parameters
to converge effectively [2]. Algorithms use calculus to figure out how to improve, like calculating
gradients, and they rely on linear algebra to make updates. Together, these two things form the core
math behind most modern machine learning techniques.

Since many machine learning methods are based on probability, statistical inference, as the
discipline most closely related to probability, is a key foundation. In essence, in machine learning
models, the training process often involves inferring probability distributions and likelihood functions
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from the data. After drawing conclusions, the model generates probabilistic predictions rather than a
single deterministic prediction. Among various statistical methods, Bayesian inference embodies the
core of this technique. For example, in Bayesian neural networks, the weights of each neuron are not
fixed values but random variables with their own probability distributions [3]. During inference, this
neural network can sample multiple sets of weights to generate outputs. By observing the results, the
model further assesses the degree of randomness and unpredictability. This method provides clear
prediction confidence intervals, making critical tasks such as medical diagnosis safer.

In addition to Bayesian methods, various statistical concepts are widely applied in machine
learning. Performance improvements are evaluated and compared using various metrics, and cross-
validation and significance tests are employed to ensure the reliability of these improvements. In
summary, probability theory and statistical inference will assist in addressing uncertainty, model
fitting, and performance validation in machine learning systems.

As one of the primary application scenarios for machine learning today, image processing
frequently employs mathematics and statistics to drive every stage from low-level filtering to high-
level interpretation. Filtering and image transformations are typically linear operations. For example,
convolution filters achieve their effect by multiplying an image by a small kernel matrix. This can
essentially be reduced to basic linear algebra calculations. Additionally, Fourier transforms and
wavelet transforms use special functions to decompose images into different frequency components.
These transforms facilitate smoother filtering and compression. In the specific field of image
processing, image segmentation and pattern recognition involve optimization and statistical models.
Classic segmentation is an energy minimization problem or a clustering problem. Pattern recognition
(e.g., face or object recognition) maps image features to labels. Statistical classifiers or neural
networks are trained to distinguish patterns based on training data. In summary, the role of
mathematics in image processing is extremely broad. Referring to the literature on image processing
[4], one can see how core tasks such as filtering, image segmentation, registration, feature detection,
multiscale analysis, and morphology are performed. These tasks all rely on linear algebra, calculus,
optimization, and probability.

Visual deep learning is a state-of-the-art technology in image processing, where we can find the
prominent role of mathematical methods. Considering the representative tools in this field,
convolutional neural networks (CNNs) combine linear filters with nonlinear activation functions.
From a mathematical perspective, each convolution operation is a matrix multiplication. The
activation function of each layer is a function of the output vector from the previous layer. The
training of the network is essentially a large-scale optimization problem, which can be solved using
calculus knowledge to construct a backpropagation algorithm. This computation, which combines
fundamental mathematics, enables the automatic learning of complex image features. Recent reviews
have emphasized that deep models directly learn feature representations from data, thereby extracting
complex features that traditional methods may overlook [5]. In practice, networks like U-Net and
Mask R-CNN achieve the highest accuracy in medical image segmentation and object recognition,
while models like ResNet or DenseNet excel in classification tasks. These deep architectures integrate
linear algebra and statistical learning into a single system.

The paper is organized as follows. Section 2 covers different math methods used in machine
learning, such as optimization techniques, probabilistic graphical models, tensor analysis, and
numerous learning. Section 3 looks at statistical methods used in image processing, including non-
parametric approaches, Bayesian techniques, morphological image processing, and ways to learn
structures. Finally, Section 4 will look ahead to future trends in mathematical and statistical data
processing, including novel hybrid models, enhanced interpretability, and improved computational
efficiency.

906



Advances in Engineering Technology Research AIMMEE 2025
ISSN:2790-1688 Volume-15-(2025)

2. Mathematical Methods in Machine Learning

2.1 Optimization theory and algorithms

Most machine learning model training involves modelling optimization problems. Important
progress has been made in the research of stochastic gradient descent (SGD) and its various versions,
Newton's method, and quasi-Newton methods. Specific directions such as optimization techniques
with dynamically adjusted learning rates are also key areas of focus in related research. When we
reexamine classical methods, gradient descent (GD) and evolutionary strategies (ES) form the
framework that underpins two major optimization methods. Gradient descent dominates the field of
deep learning due to its efficiency and scalability, while evolutionary strategies demonstrate their
value in non-smooth and non-convex scenarios. In recent years, various hybrid methods combining
the strengths of both have emerged as a popular research direction. Examples include gradient-based
evolutionary strategies and evolutionary-based gradient optimization processes. In this new era,
methods incorporating the idea of stochastic gradients are also attracting attention for improving
training efficiency. These methods can process large datasets through stochastic estimation and
reduce the computational load at each step. On the other hand, in deep learning models, adaptive
learning rate methods (Adagrad, Adadelta, RMSProp, etc.) that dynamically adjust the learning rate
based on the history of parameter updates have improved training efficiency and stability compared
to traditional approaches. For example, for non-convex optimization problems, researchers have
proposed various theoretical frameworks to analyze the convergence properties of algorithms and
their ability to find approximate optimal solutions. Additionally, research on optimization algorithms
for distributed and parallel computing environments has also made progress, such as asynchronous
stochastic gradient descent and model parallelization methods.

Now, we introduce the original version of gradient descent using elementary formulas. Consider
a simple linear regression problem where model parameters are estimated by minimizing the mean
squared error. Consider a basic linear regression problem, where model parameters are estimated by

minimizing the mean squared error. Suppose we have a training dataset {(xi,yl.)}, i’ where x; is the
=

input feature vectorand y. is the corresponding output value. For a linear regression model expressed

as y=w'x + b, the decision variables are the weight vector w and the bias term b. Specifically, this
problem can be formalised as

N
. 1 2
min L(w,b)= min NZ (v, wTx;-b)". )
1

The above programing is convex, which will be solved by GD. In view of the above case and #-th
iteration (t€Z,), the update of the to-be-determined parameters could be designed by
Wt+1:Wt"71VwL(Wt>bt)s (2)
and
btﬂzbt"bva(Wtabt)a 3)
where etas s i=1,2, are learning rates and nabla V denotes the gradient operator. Theoretical
research has proven that by iteratively updating w and b, we can gradually approach the optimal
solution [6].

2.2 Tensor analysis and multilinear algebra

Tensor analysis is an important technique for processing high-dimensional data in parallel when
tackling data problems using contemporary mathematical ideas. Tensor analysis can be thought of as
a high-dimensional extension of linear algebra. Tensor analysis is mostly used in machine learning
for feature extraction, data representation, and model building. Tensor representations can naturally
reflect the multi-dimensional structure and relationships of the data when working with images,
videos, and multimodal data [7]. The foundation of tensor analysis is tensor decomposition, which
includes several techniques such tensor train decomposition, Tucker decomposition, and canonical
polyadic decomposition. These decomposition approaches can achieve tasks such as data
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compression, feature extraction, and noise reduction by breaking down high-dimensional tensors into
combinations of low-dimensional elements. These characteristics have shown to be quite helpful in
tasks like recommendation systems and anomaly identification.

In recent years, tremendous progress has been achieved in the investigation of tensor-based
machine learning models, such as tensor neural networks, tensor regression, and tensor kernel
approaches [8]. Theoretical techniques for directly processing tensor data avoid the information loss
and computational complexity issues associated with traditional expansion methods. Some tensor
network models, such as matrix product states (MPS) and projected entangled pair states (PEPS),
have demonstrated strong capabilities in complex pattern recognition tasks.

The uniqueness of tensor decomposition, computational complexity, and statistical features are
among the topics that academics frequently concentrate on in theoretical and algorithmic research.
The requirements for the recognizability of estimating errors and tensor decomposition can be
examined using a variety of theoretical frameworks. Advances in efficient decomposition algorithm
research include tensor decomposition based on random projection and online tensor decomposition.

We can use the theoretical language from convex analysis to perform a generalization of the
Canonical Polyadic (CP) decomposition. Consider a third-order tensor X€R" X we aim to
decompose it into the sum of the outer products of three factor matrices, i.e., the approximation
X=Y a,ob,oc,, a,€R!, b.€R’, ¢ €RX. Here, the circle o denotes the outer product, the total index of
the summation is called the rank of decomposition. We can estimate the factor matrices by minimizing
the reconstruction error. The formulation of the optimization problem is

2
X- Z a,ob,oc,

r

min
AB,C

4

F
The Alternating Least Squares (ALS) approach is a suitable strategy since the equation poses a

non-convex optimization issue. Two factor matrices are fixed in turn by the ALS algorithm, which
then optimizes the third factor matrix until convergence. This optimization technique successfully
lowers computational complexity while maintaining some degree of algorithm convergence.

3. Statistical Methods in Image Processing

3.1 Nonparametric statistical methods

Nonparametric statistical methods are important in image processing, especially when the exact
data distribution is unknown or is really complicated. These methods do not rely on any specific
assumptions about how the data is spread out but instead learn the characteristics directly from the
data itself, making them more adaptable and reliable. In image processing, nonparametric techniques
are used for things like segmenting images, extracting features, analyzing textures, and recognizing
object [9].

Kernel methods are a key group of nonparametric techniques that handle nonlinear classification
and regression by changing data into a high-dimensional feature space. Essentially, kernel functions
identify specific objects by filtering images, which helps locate photos from large data sets.
Researchers have also developed various kernel-based methods, including kernel principal
component analysis (KPCA), kernel Fisher discriminant analysis (KFDA), and kernel density
estimation. These tools are particularly adept at capturing complex and unpredictable features in
image data.

Methods for inferring the probability distribution of image data can extract image features from
another perspective, representing a non-parametric density estimation approach. These methods
include kernel density estimation, k-nearest neighbors, and orthogonal sequence estimation. The
advantage of non-parametric estimation lies in its ability to learn the distribution directly from the
data without making any assumptions about the data's form. In image segmentation, this means
estimating the grayscale distribution of each region and dividing the image into meaningful regions
based on statistical principles.
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Nonparametric regression is one of the traditional nonparametric methods, encompassing various
techniques for estimating the relationship between pixel intensities in an image. This allows us to
capture local details and nonlinear relationships, which is beneficial for tasks such as reducing noise,
improving resolution, and restoring degraded images. For instance, kernel regression and local
weighted regression are both widely used regression methods.

In the following, we would like to introduce the role of basic statistical concepts in image
segmentation. Suppose matrix / is a grayscale image, and the goal is to segment it into multiple
regions such that each region has a similar grayscale distribution. According to nonparametric
statistical methods, the image segmentation problem is essentially a density estimation and clustering
problem. Formally, kernel density estimation methods can be used to estimate the grayscale
distribution of each pixel in the image, and clustering operations can be performed based on the
estimated density distribution. The probability density function is defined as

N
A<x>:=nithK(’%), ®)

where x is the value of grayscale, n is the number of samples, % is the bandwidth, and K is a given
kernel function. Density functions can be used to calculate the posterior probability of pixels
belonging to each region, and thus performing image segmentation.

3.2 Morphological image processing

Mathematical morphology is an image processing discipline based on set theory and topology,
providing a nonlinear tool. Morphological image processing methods consider structural elements in
images to extract shape information. The principles of these methods involve numerous basic
mathematical operations and complex transformations based on these operations. Examples include
morphological gradients, peak transformations, and valley transformations. The primary applications
of these methods include image denoising, edge detection, and binarization tasks. For illustration,
opening and closing operations can effectively remove salt-and-pepper noise and impulse noise from
images. Additionally, Laplace transforms can be employed to detect edges and profiles within images.

In the field of image segmentation, morphological methods are applied to segmentation tasks based
on shape and structure. Image segmentation methods based on watershed transformations treat images
as terrain surfaces and achieve segmentation by simulating the flooding process of water.
Additionally, active contour models based on level sets can adaptively evolve curves to fit target
boundaries, thereby achieving precise image segmentation. In recent years, multi-scale
decomposition methods based on morphology have been proposed, which can decompose an image
into components of different scales to capture its multi-scale features. These methods have been
widely applied to tasks such as image denoising, enhancement, and compression [10].

The following example illustrates the application of morphology in edge detection. Edge detection
refers to identifying the edges of a grayscale image /. The most important operation in this method is
the morphological gradient operation. The basic computational method involves taking the difference
between the dilated version of the image and its eroded version. Mathematically, it is expressed as

G = dilate(I,B) — erode(l,B), (6)
where B represents the structural element. Dilation involves sliding the structural element over the
image and recording the maximum pixel value within the covered area, while erosion does the
opposite, taking the minimum value. This algorithm demonstrates its effectiveness in edge detection
because the difference between dilation and erosion is most pronounced along edges and contours.
By specifying the structural element in advance (e.g., rectangular, circular, or cross-shaped), edges in
specific directions might be located. When combining multiple structural elements, we can obtain
edges with more uniform properties.
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4. Future Research Trends and Conclusion

In the future, an important trend in mathematics and data analysis will be the integration of more
applied research and practical models in real-world scenarios. Fundamental research based on
mathematical methods can provide new solutions to complex problems in machine learning and
image processing. The fusion of cutting-edge Al research, such as deep learning, with traditional
mathematical methods will give rise to more powerful and versatile hybrid models. Examples include
tensor decomposition research based on deep learning, neural networks constructed using various
learning principles, and explainable neural networks based on optimization theory.

Additionally, integrating probability and statistical methods into deep learning may also become
an important research trend. For example, Bayesian deep learning can maintain the high expressive
power of deep learning while providing the ability to estimate uncertainty and improve stability. As
new application scenarios continue to emerge, the demand for underlying principles will drive greater
attention to the relevance between statistics and deep learning.

The integration methods summarized above are in fact consistent with the current trend of
multidisciplinary integration in research. This trend indeed reflects the practical value of such
applications. Beyond the image processing context discussed in this paper, other application scenarios
will also require the application of such fusion concepts in the future. For example, in the field of
healthcare research, differential equations and deep learning can be combined to predict disease
transmission; for financial risk management research, evaluation models based on stochastic
processes can be further integrated with anomaly detection algorithms. Such approaches can retain
the rigor of traditional models while leveraging new technologies to uncover hidden information
within data.

Nevertheless, methodological innovation also poses additional challenges for researchers.
Interdisciplinary research requires not only a solid understanding of the underlying mathematical
logic but also an appreciation of the data characteristics and practical needs of different application
scenarios. As hardware development continues to advance at a rapid pace, scientists should adapt to
the demands of the times, ensuring that theoretical research truly serves the demands of people's lives.
In this way, it can be anticipated that the theory-application research will both promote innovation in
traditional theoretical frameworks and help us understand the underlying patterns in complex real-
world problems.

In summary, from its inception to its continued development in the future, the fields of machine
learning and image processing have always relied on the support of mathematics, statistics, and data
analysis. As times evolve, mathematical and statistical tools will continue to drive various
technological innovations.
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